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SOME RESULTS ON CERTAIN SEMIGROUPS OF
PARTITION-PRESERVING TRANSFORMATIONS
MOSAROF SARKAR AND SHUBH N. SINGH
Abstract. Let TX and SX be the full transformation semigroup and the
symmetric group on a nonempty set X, respectively. For a partition P =
{Xi| i ∈ I} of a nonempty set X indexed by the set I, we study some aspects
of the semigroups T (X,P) = {f ∈ TX | ∀Xi ∃Xj , Xif ⊆ Xj}, Σ(X,P) =
{f ∈ T (X,P)| Xf ∩Xi 6= ∅ ∀Xi}, and the subgroup S(X,P) = T (X,P)∩SX .
In fact, we first characterize the mapping χ(f) : I → I, corresponding to a
mapping f ∈ T (X,P), defined by setting iχ(f) = j whenever Xif ⊆ Xj . We
next find a partial affirmative answer to the natural question: For f ∈ TX(f ∈
SX), whether f ∈ T (X,P) (f ∈ S(X,P)) for some nontrivial partition P
of a finite set X? We further give a necessary and sufficient condition for
a mapping of T (X,P) to be in S(X,P). We also obtain a formula for the
idempotent elements in the finite semigroup Σ(X,P). We finally determine
the sizes of the finite semigroups T (X,P), Σ(X,P), and the finite subgroup
S(X,P).
1. Introduction
We assume that the reader is familiar with elementary concepts of set theory,
combinatorics, and semigroup theory. Throughout this paper, we let X denote a
set with more than two elements, and let P denote a partition of X . For a mapping
f : X → X and a subset A ⊆ X , we denote by Af the image of A under f . We
denote by TX and SX the full transformation semigroup and the symmetric group
on X , under the usual composition of mappings, respectively.
Semigroup TX and its subsemigroups are crucial objects in combinatorics and
semigroup theory. A significant amount of research has been devoted to studying
TX and its various types of subsemigroups. In 1994, Pei Huisheng [12] introduced
the subsemigroup
T (X,P) = {f ∈ TX | (∀Xi ∈ P)(∃Xj ∈ P) Xif ⊆ Xj}
= {f ∈ TX | (∀x, y ∈ X) if (x, y) ∈ ρ then (xf, yf) ∈ ρ}
of TX , where ρ denotes the equivalence relation that corresponds to P of X .
Moreover, Pei Huisheng [12] proved that T (X,P) is exactly the semigroup of
all continuous self-maps on X equipped with the topology having P as a basis.
Since then, the semigroup T (X,P) has received considerable attention, and its
many fascinating algebraic and combinatorial aspects have been investigated (see
[1],[2],[7],[8],[13],[14],[15]).
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Pei Huisheng [15] proved that the semigroup T (X,P) is regular if, and only if
P is a trivial partition of X . Here, Pei Huisheng also studied Green’s relations
on T (X,P). When P is a uniform partition of a finite set X , Pei Huisheng [14]
gave an upper bound for the rank of T (X,P), and further posed a conjecture of
determining the rank of T (X,P) for a uniform partition P of X . Later, Arau´jo et
al. [2] settled this Pei Huisheng’s conjecture by determining the rank of T (X,P).
Arau´jo et al. [1] also calculated the rank of T (X,P) for an arbitrary partition P
of a finite set X . If P is a uniform partition of a finite set X , Dolinka and East
[7] enumerated the idempotents in T (X,P), and also described the subsemigroup
generated by the set of idempotents in T (X,P). For a non-uniform partition P
of a finite set X , Dolinka et al. [8] also enumerated the idempotents in T (X,P).
There have also been a number of works on various types of generalizations of the
semigroup T (X,P) (see [5],[6],[16],[17]).
Pei Huisheng [14] considered an interesting subgroup
S(X,P) = T (X,P) ∩ SX
of the semigroup T (X,P). Here, Pei Huisheng observed that S(X,P) is exactly
the subgroup of all homeomorphisms on X equipped with the topology having P
as a basis, and called it the homeomorphism group. When P is a uniform partition
of a finite set X , Pei Huisheng [14] deduced that the rank of S(X,P) is at most
four. Later, Arau´jo et al. [2] proved that the rank of S(X,P) is two, where P is a
uniform partition of a finite set X . For a finite set X , the homeomorphism group
Σ(X,P) are also studied by Arau´jo et al. in [1] to solve its main result.
Let P = {Xi | i ∈ I} be a partition of X indexed by the set I. Define
Σ(X,P) = {f ∈ T (X,P) | Xf ∩Xi 6= ∅ ∀Xi ∈ P}.
It is evident that Σ(X,P) is a subsemigroup of the semigroup T (X,P). When P is
a uniform partition of a finite set X , Arau´jo et al. [2] in 2009 studied Σ(X,P) and
determined its rank. For a finite set X , some interesting properties of Σ(X,P) are
also discussed in [1].
The remainder of this present paper is organized as follows. In the next section,
we introduce a few basic terms and notation. For a partition P = {Xi | i ∈ I} of a
set X , we will characterize the mapping χ(f) : I → I, corresponding to a mapping
f ∈ T (X,P), defined by setting iχ(f) = j whenever Xif ⊆ Xj , and studies in detail
some of its properties in Section 3. In Section 4, we give a partial affirmative answer
to the natural question: for f ∈ TX(f ∈ SX), whether f ∈ T (X,P)(f ∈ S(X,P))
for some nontrivial partition P of a finite set X ? In Section 5, we introduce
a notion of block mappings for a mapping f ∈ T (X,P) and then use it to give
a necessary and sufficient condition for elements of T (X,P) to be in S(X,P).
Moreover, we compute the number of idempotents in the finite semigroup Σ(X,P).
We finally determine the sizes of the finite semigroups T (X,P), Σ(X,P), and the
finite homeomorphism group S(X,P) in Section 6.
2. Preliminaries and Notation
This section presents some notation and terminology that we will use throughout
this paper. The undefined concepts or notation, used in our study, concerning
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combinatorics and semigroup theory are standard, and can be found respectively
in [3] and [11].
Unless stated otherwise, we will use capital letters to denote (nonempty) sets,
calligraphic letters to denote families of sets, and small letters to denote functions
or positive integers or elements of a set. We will always presume that n and m
are positive integers. We use the notation |A| for the cardinality of the nonempty
finite set A. For a positive integer n, we denote the set {1, . . . , n} by In . We call a
nonempty finite set an n-set if it contains precisely n elements. If B ⊆ A, we will
use A \ B to denote the set of all x ∈ A such that x /∈ B. We denote the number
of k-subsets of an n-set by
(
n
k
)
. We will use A = {n1 · a1, . . . , nk · ak} to denote the
multiset A with ni copies of ai for each i ∈ Ik.
We will write mappings on the right and compose from left to right; that is,
for f, g ∈ TX and x ∈ X , we will write xf for the image of x under f , and
x(fg) = (xf)g. The restriction f |A of a mapping f ∈ TX to a subset A ⊆ X is
a mapping f |A : A → X such that x(f |A) = xf for all x ∈ A. The pre-image of
a subset B ⊆ X under f ∈ TX is denoted by Bf−1 = {x ∈ X | xf ∈ B}. We
will use dom(f) and codom(f) to denote respectively the domain and codomain of
a mapping f ∈ TX . If |X | = n, we will write Tn and Sn instead of TX and SX ,
respectively.
Let X be a finite set. A permutation f of X is called a cycle if there exists
a subset {x1, x2, . . . , xt} of X such that xif = xi+1 for all i = 1, 2, . . . , t − 1,
xtf = x1, and xf = x for all x ∈ X \ {x1, x2, . . . , xt}. In that case, we denote the
cycle f by (x1, x2, . . . , xt) and say that it is a cycle of length t or a t-cycle. We say
that two cycles (a1, a2, . . . , ak) and (b1, b2, . . . , bl) are disjoint if {a1, a2, . . . , ak} ∩
{b1, b2, . . . , bl} = ∅.
Let S be a semigroup. An element e ∈ S is called an idempotent provided that
e2 = e. In fact, a mapping f ∈ TX is an idempotent if and only if the restriction
of f to the image set Xf is the identity mapping (cf. [10, Theorem 2.7.2]). We
will denote by E(S) the set of all idempotents of S. By a subgroup of S we mean
a subsemigroup which is a group with respect to the multiplication inherited from
S. The group of units of S is the group of invertible elements of S. We will write
S ∼= T to mean that there is an isomorphism between two semigroups S and T .
A partition of X is an indexed family of disjoint nonempty subsets of X , called
blocks, whose union is X . A partition in which all the blocks have the same size is
called uniform. By an m-partition, we mean a partition that contains precisely m
number of blocks. A partition of X is said to be trivial if it is {X} or {{x} | x ∈ X}.
It is well-known that any partition of X induces naturally an equivalence relation
on X , and vice versa [9, Theorem 0.7]. We say that a mapping f ∈ TX preserves
(or stabilizes) a partition P of X if for every Xi ∈ P there exists Xj ∈ P such
that Xif ⊆ Xj . Note that if P is a trivial partition of X , then T (X,P) = TX and
S(X,P) = SX .
3. The Character χ(f) of f ∈ T (X,P)
Let P = {Xi| i ∈ I} be a partition of X indexed by the set I, and let f ∈
T (X,P). Purisang and Rakbud [17] defined a mapping χ(f) : I → I corresponding
to f , called the character of f , by setting iχ(f) = j whenever Xif ⊆ Xj . For a
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finite set X , the mapping χ(f) has also been studied by many working algebraists
to determine various interesting algebraic parameters (see [1],[7],[8]).
Denote by SP(X) the semigroup of all continuous self-maps on X equipped with
the topology having partition P as a basis. Then we know SP(X) = T (X,P) (cf.
[12, Theorem 2.8]). We therefore have the following.
Theorem 3.1. Let P = {Xi | i ∈ I} be a partition of a set X, and let f ∈ T (X,P).
Then the following statements are equivalent:
(1) f ∈ Σ(X,P).
(2) χ(f) is a surjection on I.
(3) f ∈ SP(X) such that Af−1 6= ∅ for all nonempty open set A.
Proof. (1) ⇒ (2). Let j ∈ I. Since f ∈ Σ(X,P), we have Xf ∩ Xj 6= ∅. Then
we obtain Xif ⊆ Xj for some i ∈ I. This implies iχ(f) = j by definition of χ(f)
whence χ(f) is surjective on I.
(2) ⇒ (3). If χ(f) is a surjection on I, for each t ∈ I, there exists s ∈ I such
that sχ(f) = t and subsequently Xsf ⊆ Xt. Therefore we have Xs ⊆ Xtf−1, and
so Xtf
−1 6= ∅ for all t ∈ I. Let A be a nonempty open set. Then A =
⋃
i∈J
Xi for
some J ⊆ I (cf. [4, Definition 2.2.1]). Therefore
Af−1 =
( ⋃
i∈J
Xi
)
f−1 =
⋃
i∈J
(Xif
−1) 6= ∅.
(3)⇒ (1). Let Xi ∈ P . By (3), we have Xif−1 6= ∅. This implies Xf ∩Xi 6= ∅,
and therefore f ∈ Σ(X,P). 
Let E be an equivalence relation on X . Pei Huisheng [15] introduced the notion
of an E∗-preserving mapping on X . Here, Pei Huisheng said that a mapping
f : X → X is an E∗-preserving if (x, y) ∈ E if, and only if (xf, yf) ∈ E. We now
have the following.
Theorem 3.2. Let P = {Xi | i ∈ I} be the partition associated with an equivalence
relation E on a set X, and let f ∈ T (X,P). Then the following statements are
equivalent:
(1) χ(f) is an injection on I.
(2) f is an E∗-preserving.
Proof. (1)⇒ (2). Let x, y ∈ X . If (x, y) ∈ E, then obviously we have (xf, yf) ∈ E
since f ∈ T (X,P). On the other hand, assume that (xf, yf) ∈ E. Then xf, yf ∈ Xl
for some suitable block Xl ∈ P . We claim that both x and y belong to the same
block of P .
On the contrary, suppose that x ∈ Xs and y ∈ Xt for some distinct blocks Xs
and Xt of P . Since xf, yf ∈ Xl, and f ∈ T (X,P), we obtain Xsf ⊆ Xl and
Xtf ⊆ Xl. This implies sχ(f) = l = tχ(f) by definition of χ(f). This contradicts
our assumption that χ(f) is an injection on I. Hence (x, y) ∈ E, and consequently
f is E∗-preserving.
(2) ⇒ (1). Let s, t ∈ I, and suppose that sχ(f) = tχ(f), say equal to r. Then
Xsf ⊆ Xr and Xtf ⊆ Xr by definition of χ(f). For the sake of contradiction,
suppose that s 6= t. Then Xs 6= Xt, and so x ∈ Xs and y ∈ Xt for some distinct
elements x, y ∈ X . It is then clear that (x, y) /∈ E. Now x ∈ Xs and Xsf ⊆ Xr
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implies that xf ∈ Xr. Also y ∈ Xt and Xtf ⊆ Xr implies that yf ∈ Xr. Therefore
(xf, yf) ∈ E which contradicts the assumption that f is E∗-preserving. Hence χ(f)
is an injection on I. 
Note that any mapping which is injective or surjective on a finite set must be
bijective (cf. [10, Proposition 1.1.3]). By combining Theorem 3.1 and Theorem 3.2,
we thus have the following immediate corollary.
Corollary 3.3. Let P be an m-partition associated with an equivalence relation E
on a set X, and let f ∈ T (X,P). Then the following four statements are equivalent:
(1) f ∈ Σ(X,P).
(2) χ(f) is a bijection on Im.
(3) f is an E∗-preserving.
(4) f ∈ SP(X) such that Af−1 6= ∅ for all nonempty open set A.
Proposition 3.4. Let P = {Xi| i ∈ I} be a partition of a set X, and let f ∈
S(X,P). Then
(1) Xif ∈ P for all Xi ∈ P.
(2) |Xi| = |Xj| if iχ(f) = j.
Proof. Note that any two blocks of a partition are either equal or disjoint.
(1) On the contrary, suppose that Xif /∈ P . Then Xif ( Xj for some Xj ∈ P .
Since S(X,P) is a group and f ∈ S(X,P), we see that f−1 ∈ S(X,P), and
so Xjf
−1 ⊆ Xk for some Xk ∈ P . This implies
Xi = (Xif)f
−1 ( Xjf
−1 ⊆ Xk,
which contradicts the assumption that Xi ∈ P . Hence Xif ∈ P .
(2) If iχ(f) = j, then Xif ⊆ Xj by definition of χ(f). By (1), we have Xif ∈ P .
Since Xj ∈ P and any two blocks of a partition are either equal or disjoint.
This implies Xif = Xj whence |Xi| = |Xj| since f is a bijection.

4. Nontrivial Partitions stabilized by f ∈ TX
Obviously, when P is a trivial partition of X , we see that T (X,P) = TX and
S(X,P) = SX . Note that T (X,P) ( TX and S(X,P) ( SX for any nontrivial
partition P of X . We will now naturally be concerned with a converse problem:
for each f ∈ TX (f ∈ SX), does there exist a nontrivial partition P of a finite set
X such that f ∈ T (X,P) (f ∈ S(X,P)) ?
It is clear that any mapping f ∈ TX induces the partition P = {{y}f−1 | y ∈
Xf} of the set X such that f ∈ T (X,P). But, one may see that the partition
P = {{y}f−1 | y ∈ Xf} is not necessarily nontrivial. The following theorems give
us a partial affirmative answer to the question.
Theorem 4.1. Let X be an n-set, and let f ∈ TX . If f is a non-permutation, then
f ∈ T (X,P) for some nontrivial partition P of X.
Proof. If f is a constant mapping, one can easily verify that f ∈ T (X,P) for any
nontrivial partition P of X . On the other hand, suppose that |Xf | ≥ 2. If f is
non-permutation, we then have |Xf | < n. So, let Xf = {x1, x2, . . . , xm}, where
1 < m < n.
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Consider the collection P = {X1, . . . , Xm} of subsets of X , where Xi = {x ∈
X | xf = xi} for each i ∈ Im. One can verify, in a routine manner, that the
collection P is a nontrivial m-partition of X . Further, for any Xi ∈ P , we see that
Xif = {xi} ⊆ Xj for some Xj ∈ P . Hence f ∈ T (X,P), where P is a nontrivial
partition of X . 
Theorem 4.2. Let X be an n-set, and let f ∈ SX . If f is not an n-cycle, then
f ∈ S(X,P) for some nontrivial partition P of X.
Proof. Since the identity mapping preserves any partition of X , the result is ob-
viously true for the identity mapping. On the other hand, suppose that f is a
nonidentity permutation. If f is not an n-cycle, we can write
f = β1β2 · · ·βs,
where βi’s are cycles of length less than n (cf. [9, Theorem 5.1]). Let X1 = {x ∈
X | xβ1 6= x}. Then one can verify, in a routine manner, that the collection
P = {X1, X \X1} is a nontrivial partition of X . Further, we see that X1f = X1
and (X \X1)f = (X \X1). Hence f ∈ S(X,P), where P is a nontrivial partition
of X . 
Theorem 4.3. Let X be an n-set, let f ∈ SX be an n-cycle, and let m be an
integer such that 1 < m < n. Then m divides n if and only if f ∈ S(X,P) for
some nontrivial m-partition P of X.
Proof. We first assume that n = km for some integer k with 1 < k < n. With-
out loss of generality, let X = {1, 2, . . . , n} and f = (1, 2, . . . , n) be an n-cycle.
Consider, for each 1 ≤ i ≤ m, the subset
Xi = {i, i+m, i+ 2m, . . . , i+ (k − 1)m}.
of X . One can verify, in a routine manner, that Xi ∩ Xj = ∅ for i 6= j, and
X =
⋃
i∈Im
Xi. This implies P = {Xi | i ∈ Im} is a nontrivial m-partition of X .
Since f = (1, 2, . . . , n), we next see that Xif = Xi+1 for 1 ≤ i ≤ m − 1, and
Xmf = X1. Hence f ∈ S(X,P), where P is a nontrivial m-partition of X .
Conversely, assume that P = {Xi| i ∈ Im} is a nontrivial m-partition of X
such that f ∈ S(X,P). Since f ∈ S(X,P), we have Xif ∈ P for all i ∈ Im by
Proposition 3.4(1).
We first claim that Xif 6= Xi for all i ∈ Im. If possible, let Xsf = Xs for some
s ∈ Im. Then (X \Xs)f = X \Xs. This implies that f is not an n-cycle, which is
a contradiction. Hence Xif 6= Xi for all i ∈ Im.
Let i, j ∈ Im such that i 6= j. If Xif = Xj , then we claim that Xjf 6= Xi. If
possible, let Xjf = Xi. Then f is not an n-cycle, which is a contradiction. So,
without loss of generality, assume that Xif = Xi+1 for each 1 ≤ i ≤ m − 1, and
Xmf = X1. This implies that |X1| = |X2| = · · · = |Xm|. Then letting |Xi| = t for
each i ∈ Im, we have
|X1|+ |X2|+ · · ·+ |Xm| = n =⇒ tm = n
whence m divides n. 
We thus obtain the following immediate consequence of Theorem 4.3.
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Corollary 4.4. Let X be an n-set, and let f ∈ SX be an n-cycle. If n is a prime,
then f /∈ S(X,P) for any nontrivial partition P of X.
Proposition 4.5. Let P = {Xi| i ∈ Im} be an m-partition of an n-set X, and let
f ∈ S(X,P). If f is an n-cycle, then
(1) χ(f) is an m-cycle on Im.
(2) P is a uniform partition of X.
Proof. Note that f ∈ S(X,P) ⊆ Σ(X,P).
(1) In view of Corollary 3.3, χ(f) is a bijection on Im. If f is an n-cycle, then
m divides n by Theorem 4.3. If m is an improper divisor of n, one can
easily verify, in a routine manner, that χ(f) is an m-cycle. On the other
hand, assume that m is a proper divisor of n.
On the contrary, suppose that χ(f) is not an m-cycle. Then χ(f) can
be written as a product of disjoint cycles (cf. [9, Theorem 5.1]). Let
(i1, i2, . . . , it) be a t-cycle, where 1 < t < m, in the cycle decomposition of
χ(f). Then irχ
(f) = ir+1 for r = 1, 2, . . . , t− 1 and itχ(f) = i1. This means
Xirf ⊆ Xir+1 for all r = 1, 2, . . . , t− 1 and Xitf ⊆ Xi1 .
But given that f ∈ S(X,P), by Proposition 3.4 we therefore obtain
Xirf = Xir+1 for all r = 1, 2, . . . , t − 1 and Xitf = Xi1 . This means f
is a cycle of length at most tk, where k = |Xij | for each j = 1, 2, . . . , t.
Observe that tk < n. This gives a contradiction of the assumption that f
is an n-cycle. Hence χ(f) is an m-cycle on Im.
(2) Without loss of generality, assume that χ(f) = (1, 2, . . . ,m) by (1). This
means iχ(f) = i + 1 for each i = 1, 2, . . . ,m − 1 and mχ(f) = 1. Then
Xif = Xi+1 for all i = 1, 2, . . . ,m− 1 and Xmf = X1 by definition of χ(f).
Since f ∈ S(X,P), by Proposition 3.4 we have |X1| = |X2| = · · · = |Xm|
whence P is a uniform partition of X .

5. The Block Mappings Associated with f ∈ T (X,P)
In this section, we study an indexed family of mappings associated with a map-
ping f ∈ T (X,P), and utilize it to give a necessary and sufficient condition for
mappings of T (X,P) to be in S(X,P). Finally, by using this indexed family of
mappings, we count the number of idempotents in the finite semigroup Σ(X,P).
We will begin by proving the following useful lemma.
Lemma 5.1. Let P = {Xi| i ∈ I} be a partition of a set X, and let f : X → X.
Then f ∈ T (X,P) if and only if there exists an indexed family {fi : Xi → Xj | i, j ∈
I} of mappings such that, for each i ∈ I, xfi = xf for all x ∈ Xi.
Proof. We first assume that f ∈ T (X,P), and letXi ∈ P . Note that f |Xi : Xi → X .
Since f ∈ T (X,P), we see that Xif ⊆ Xj and then Xi(f |Xi) ⊆ Xj for some block
Xj. Since Xj ⊆ X , we can regard the restriction f |Xi as a mapping f |Xi : Xi → Xj
and denote it by fi. Since Xi ∈ P is an arbitrary block, we therefore obtain an
indexed family {fi : Xi → Xj | i, j ∈ I} such that, for each i ∈ I, xfi = xf for all
x ∈ Xi.
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Conversely, assume that there is an indexed family {fi : Xi → Xj | i, j ∈ I} of
mappings such that, for each i ∈ I, xfi = xf for all x ∈ Xi. One can immediately
verify, in a routine manner, that f ∈ T (X,P). 
Remark 5.2. Let P = {Xi | i ∈ I} be a partition of a set X , and let f ∈ T (X,P).
It is easy to verify that the indexed family {fi : Xi → Xj | i, j ∈ I} associated with
f , obtained in Lemma 5.1, is unique and we will denote it by the symbol B(f, I).
Moreover, we will call every element of the family B(f, I) = {fi : Xi → Xj | i, j ∈ I}
as the block mapping.
If X is an n-set, the concept of block mappings associated with a mapping
f ∈ T (X,P) is also discussed (see [1],[8]).
Proposition 5.3. Let P = {Xi| i ∈ I} be a partition of a set X, and let f ∈
T (X,P). If each block mapping of B(f, I) is an idempotent, then f is an idempo-
tent.
Proof. If every block mapping fi ∈ B(f, I) is an idempotent, we see that fi : Xi →
Xi for each i ∈ I. Let x ∈ X . It is clear that x ∈ Xk for some k ∈ I, and then
xf = xfk ∈ Xk. Therefore
x(f2) = (xf)f = (xfk)f = (xfk)fk = x(f
2
k ) = xfk = xf
whence f is an idempotent. 
Proposition 5.4. Let P = {Xi| i ∈ I} be a partition of a set X, and let f ∈
E(T (X,P)). If i ∈ Iχ(f), then the block mapping fi ∈ B(f, I) is an idempotent.
Proof. If i ∈ Iχ(f), then clearly Xf ∩ Xi 6= ∅. We first claim that dom(fi) =
codom(fi). On the contrary, suppose that fi : Xi → Xj for some j(6= i) ∈ I. Since
Xf ∩Xi 6= ∅, we obtain a block mapping, say ft ∈ B(f, I) such that ft : Xt → Xi.
Let x ∈ Xt. Obviously xf = xft ∈ Xi, and then (xft)fi ∈ Xj. Since f is an
idempotent, we see that
x(f2) = xf =⇒ (xf)f = xf =⇒ (xft)f = xft =⇒ (xft)fi = xft ∈ Xi.
This gives a contradiction of the factXi∩Xj = ∅. We finally show that fi : Xi → Xi
is an idempotent. Let x ∈ Xi. Obviously xf = xfi ∈ Xi, and therefore
x(f2i ) = (xfi)fi = (xf)fi = x(f
2) = xf = xfi
whence fi is an idempotent. 
Corollary 5.5. Let P = {Xi| i ∈ I} be a partition of a set X, and let f ∈ T (X,P).
If f is an idempotent, then χ(f) is an idempotent.
Proof. Let j ∈ Iχ(f). It is sufficient to show that jχ(f) = j (cf. [10, Theorem
2.7.2]). Since j ∈ Iχ(f), the block mapping fj ∈ B(f, I) is an idempotent by
Proposition 5.4. This implies fj : Xj → Xj, and we then obtain jχ(f) = j whence
χ(f) is an idempotent. 
If f ∈ Σ(X,P), we know that Xf ∩ Xi 6= ∅ for all Xi ∈ P . The following
corollary is an immediate consequence of Proposition 5.3 and Proposition 5.4.
Corollary 5.6. Let P = {Xi| i ∈ I} be a partition of a set X, and let f ∈
Σ(X,P). Then f is an idempotent if, and only if every block mapping of B(f, I) is
an idempotent.
SOME RESULTS ON CERTAIN SEMIGROUPS OF PARTITION-PRESERVING TRANSFORMATIONS9
Corollary 5.6 yields the following.
Corollary 5.7. Let P = {Xi| i ∈ I} be a partition of a set X, and let f ∈ Σ(X,P).
If f is an idempotent, then χ(f) is the identity mapping on I.
Proof. If f ∈ Σ(X,P) is an idempotent, then fi : Xi → Xi for every i ∈ I by
Corollary 5.6. This gives Xif = Xifi ⊆ Xi for each i ∈ I. By definition of χ
(f), we
then have iχ(f) = i for all i ∈ I and whence χ(f) is the identity mapping on I. 
The following theorem provides a necessary and sufficient condition for an ele-
ment of T (X,P) to be in S(X,P).
Theorem 5.8. Let P = {Xi| i ∈ I} be a partition of a set X, and let f ∈ T (X,P).
Then f ∈ S(X,P) if, and only if
(1) each block mapping of B(f, I) is a bijection, and
(2) χ(f) is a bijection.
Proof. Assume that f ∈ S(X,P). We first prove part (1). Let fi : Xi → Xj be
a block mapping of B(f, I). One can easily check, in a routine manner, that fi
is an injection. Note that Xif = Xifi ⊆ Xj . Since f ∈ S(X,P), we see that
Xifi = Xif ∈ P by Proposition 3.4(1). Since any two blocks are equal or disjoint,
therefore Xifi = Xj. This implies fi is a surjection, and consequently fi is a
bijection. Since fi ∈ B(f, I) is arbitrary, this proves (1).
We next prove part (2). Since f ∈ S(X,P) ⊆ Σ(X,P), χ(f) is surjective by
Theorem 3.1,. Now, let i, j ∈ I, and suppose that iχ(f) = jχ(f), say equal to k
for some k ∈ I. Then Xif ⊆ Xk and Xjf ⊆ Xk. Note that any two blocks are
equal or disjoint. Since f ∈ S(X,P), we then obtain Xif = Xk and Xjf = Xk by
Proposition 3.4(1).
On the contrary, suppose that i 6= j. Then Xi ∩ Xj = ∅. Let x ∈ Xk. Since
Xif = Xk and Xjf = Xk, there exist xi ∈ Xi and xj ∈ Xj such that xif = x = xjf
which contradicts the assumption that f is an injection. Hence χ(f) is a bijection.
This proves (2).
Conversely, let x, y ∈ X and suppose that xf = yf . Then xf, yf ∈ Xk for some
k ∈ I. We claim that both x and y belong to the same block. On the contrary,
suppose that x ∈ Xi and y ∈ Xj for some i, j ∈ I with i 6= j. Since f ∈ T (X,P),
we then obtain Xif ⊆ Xk and Xjf ⊆ Xk. This implies iχ(f) = k = jχ(f) which
leads a contradiction of the fact that χ(f) is an injection. Therefore x, y ∈ Xi for
some i ∈ I. Now
xf = yf =⇒ xfi = yfi =⇒ x = y
since fi ∈ B(f, I) is an injection. This implies f is an injection.
Let y ∈ X . Then y ∈ Xl for some l ∈ I. Since χ(f) is a surjection, there exists
s ∈ I such that sχ(f) = l. This implies fs : Xs → Xl. By (1), there exists x ∈ Xs
such that xfs = y, and so xf = y. Therefore f is surjective and consequently f is
bijective. This completes the proof. 
The next theorem enumerates the idempotent elements in the finite semigroup
Σ(X,P).
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Theorem 5.9. Let P = {Xi | i ∈ Im} be an m-partition of an n-set X. Then
|E(Σ(X,P))| =
k∏
i=1
( ni∑
j=1
(
ni
j
)
jni−j
)mi
,
where k denotes the number of blocks of distinct sizes, and mi denotes the number
of blocks of the size ni for each i = 1, 2, . . . , k.
Proof. By Corollary 5.6, we know that a mapping f ∈ Σ(X,P) is an idempotent
if, and only if each block mapping fi ∈ B(f, Im) is an idempotent. Note that every
mapping f ∈ Σ(X,P) is uniquely determined by the m-family B(f, Im) (cf. Lemma
5.1). Therefore, it is sufficient to count the number of such m-families B(f, Im) of
idempotent block mappings. It is clear that, if each mapping fi ∈ B(f, Im) is an
idempotent, then fi : Xi → Xi.
Let i ∈ Ik be an arbitrary fixed element. We begin by determining the number
of possible mi-subfamilies
{fij | j ∈ Imi , |dom(fij )| = ni, dom(fir ) ∩ dom(fis) = ∅ ∀r, s ∈ Imi , r 6= s}
of idempotent block mappings. It is known that the number of idempotents in
Tni is
ni∑
j=1
(
ni
j
)
jni−j (cf. [10, Corollary 2.7.4]). Recall that P has exactly mi
blocks of the size ni. By the multiplication principle, the number of possible such
mi-subfamilies of idempotent block mappings is( ni∑
j=1
(
ni
j
)
jni−j
)mi
.
Since i ∈ Ik is arbitrarily choosen and k is the number of blocks of distinct sizes,
the result now follows by applying the multiplication principle. 
6. The Sizes of S(X,P), Σ(X,P), and T (X,P)
This section determines the sizes of the finite homeomorphism group S(X,P),
and two finite semigroups Σ(X,P) and T (X,P), respectively.
Theorem 6.1. Let P be an m-partition of an n-set X. Then
|S(X,P)| =
k∏
i=1
(mi!)(ni!)
mi ,
where k denotes the number of blocks of distinct sizes, and mi denotes the number
of blocks of the size ni, i = 1, 2, . . . , k.
Proof. It is clear that the relation ∼ on P defined as P ∼ Q if, and only if |P | = |Q|
is an equivalence relation on P . For each P ∈ P , let [P ] denotes the equivalence
class of P under the equivalence relation ∼. Without loss of generality, assume that
X1, X2, . . . , Xk are the blocks such that |Xi| = ni for each i ∈ Ik. Then certainly
|[Xi]| = mi for each i ∈ Ik.
Consider, for an arbitrary i ∈ Ik, the equivalence class [Xi]. Recall that |[Xi]| =
mi. Let f ∈ S(X,P). By Proposition 3.4(2), there are obviously mi choices for
the image of the first block in [Xi] under f , then mi − 1 remaining choices for the
image of the second block in [Xi] under f , etc. For the last block in [Xi], there is
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exactly one choice for the image under f . By the multiplication principle, all mi
distinct blocks of [Xi] can be mapped in mi! different ways.
It is well-known that the number of bijections on an ni-set is ni!. By the multi-
plication principle, we see that each choice, amongmi! different ways, gives possible
(ni!)
mi bijections that preserve all the blocks of the equivalence class [Xi]. There-
fore, the number of bijections that preserve all the blocks of the equivalence class
[Xi] is (mi!)(ni!)
mi . Since [Xi] is arbitrarily choosen, one can obtain the stated
formula of the size of finite homeomorphism group S(X,P) by the multiplication
principle. 
Purisang and Rakbud [17] considered the quotient semigroup T (X,P)/χ, where
the congruence χ on the semigroup T (X,P) defined as
(f, g) ∈ χ⇐⇒ χ(f) = χ(g).
Moreover, Purisang and Rakbud proved that T (X,P)/χ ∼= TI (cf. [17, Theorem
2.4]).
It is evident that χ is also a congruence on the semigroup Σ(X,P), and the
quotient semigroup Σ(X,P)/χ is a subsemigroup of T (X,P)/χ. We now prove the
following simple lemma.
Lemma 6.2. Let P = {Xi| i ∈ I} be a partition of a set X. Then the quotient
semigroup Σ(X,P)/χ is isomorphic to the semigroup of all surjective mappings on
I.
Proof. Denote by O(I) the semigroup of all surjective mappings on I. By Theorem
3.1, we see that χ(f) is a surjection on I for every f ∈ Σ(X,P). Define a mapping
φ : Σ(X,P)/χ → O(I) by setting [f ]φ = χ(f) for all [f ] ∈ Σ(X,P)/χ. Note that
χ(fg) = χ(f)χ(g) (cf. [17, Lemma 2.3]. Therefore
([f ][g])φ = χ(fg) = χ(f)χ(g) = ([f ]φ)([g]φ)
whence φ is a homomorphism. To see φ is injective, let [f ], [g] ∈ Σ(X,P)/χ and
suppose [f ]φ = [g]φ. This implies
χ(f) = χ(g) =⇒ (f, g) ∈ χ =⇒ [f ] = [g]
and φ is injective.
To verify that φ is surjective, let ψ ∈ O(I). For each i ∈ I, fix arbitrarily an
element xi ∈ Xi. Define a mapping f : X → X by setting xf = xj whenever
x ∈ Xi and iψ = j. Since ψ is surjective, one can verify, in a routine manner, that
f ∈ Σ(X,P) and χ(f) = ψ. Therefore [f ]φ = χ(f) = ψ whence φ is surjective. Thus
Σ(X,P)/χ ∼= O(I). 
The next theorem counts the elements in the finite semigroup Σ(X,P).
Theorem 6.3. Let P be an m-partition of an n-set X. Suppose that k denotes the
number of blocks of distinct sizes, and mi denotes the number of blocks of the size
ni for each i ∈ Ik. Then
|Σ(X,P)| = m1! m2! . . .mk!
∑
n
s(m1)
1 n
s(m2)
2 . . . n
s(mk)
k ,
where the sum is over all k-tuple in A given as
A =
{
(tm1 , . . . , tmk) | ∀i ∈ Ik, tmi = (l1, . . . , lmi) where each lj ∈ {n1, . . . , nk}
}
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such that the multiset consisting of components of all the tmi ’s of a k-tuple (tm1 , . . . , tmk)
in A is exactly {m1·n1, . . . ,mk ·nk}, and each s(mi) is the sum of all the components
of tmi in a k-tuple of A.
Proof. Recall the equivalence relation χ on Σ(X,P) defined as (f, g) ∈ χ ⇐⇒
χ(f) = χ(g). Denote by [f ] the equivalence class of a mapping f ∈ Σ(X,P) under
χ.
Since P is an m-partition of an n-set X , we obviously obtain Σ(X,P)/χ ∼= Sm
by Lemma 6.2. Denote by φ ∈ Sm the isomorphic image of [f ]. Note that every
mapping f ∈ Σ(X,P) is uniquely determined by the m-family B(f, Im) (cf. Lemma
5.1). Therefore, it is sufficient to count the number of such m-families B(f, Im) of
block mappings.
We begin by enumerating the number of mappings in an arbitrary equivalence
class [f ] ∈ Σ(X,P)/χ. By Corollary 3.3, note that the character χ(f) is a bijection
on Im. Let iχ
(f) = i′ for each i ∈ Im. Then Xifi = Xif ⊆ Xi′ for each i ∈ Im.
Let |Xi| = ri, ri ∈ {n1, n2, . . . , nk} for all i ∈ Im. Then the number of mappings
from Xi into Xi′ is r
ri
i′ . By the multiplication principle, the number of possible
such m-families B(f, Im) of block mappings is
rr11′ r
r2
2′ . . . r
rm
m′ .
Since [f ] is an arbitrary equivalence class, the size of Σ(X,P), by the addition
principle, is
|Σ(X,P)| =
∑
[f ]∈Σ(X,P)/χ
|[f ]| =
∑
φ∈Sm
rr11′ r
r2
2′ . . . r
rm
m′ ,
where iφ = i′. Since the number of blocks of the size ni is exactlymi for each i ∈ Ik,
we see that all the ri’s (ri′ ’s) form the multiset {m1 · n1, . . . ,mk · nk}. Hence, by
using [3, Theorem 2.4.2], we obtain
|Σ(X,P)| = m1! m2! . . .mk!
∑
n
s(m1)
1 n
s(m2)
2 . . . n
s(mk)
k ,
where the sum is over all k-tuple in A given as
A =
{
(tm1 , . . . , tmk) | ∀i ∈ Ik, tmi = (l1, . . . , lmi) where each lj ∈ {n1, . . . , nk}
}
such that the multiset consisting of components of all the tmi ’s of a k-tuple (tm1 , . . . , tmk)
in A is exactly {m1 ·n1, . . . ,mk ·nk}, and each s(mi) is the sum of all the components
of tmi in a k-tuple of A. 
Theorem 6.4. Let P be an m-partition of an n-set X. Then
|T (X,P)| =
k∏
i=1
( k∑
j=1
mjn
ni
j
)mi
,
where k denotes the number of blocks of distinct sizes, and mi denotes the number
of blocks of the size ni for each i = 1, 2, . . . , k.
Proof. Note that each mapping f ∈ T (X,P) is uniquely determined by the m-
family B(f, Im) of block mappings (cf. Lemma 5.1). Therefore, it is sufficient to
determine the number of such m-families B(f, Im) of block mappings. To count it,
we will begin by breaking down such m-families into k number of mi-subfamilies,
where i ∈ Ik.
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Since P has exactly mi blocks of the size ni for each i ∈ Ik, we let
P = {Xij | |Xij | = ni, i ∈ Ik, j ∈ Imi}.
Let t ∈ Imi . Evidently, the codomain of a block mapping with domain Xit ∈ P can
be any block in P . Note that the number of mappings from an ni-set into an nj-set
is nnij . Therefore, the total number of possible block mappings having domain Xit
is
k∑
j=1
mjn
ni
j . Since P has exactly mi blocks of the size ni, the total possible size
of mi-subfamilies
{fij | j ∈ Imi , |dom(fij)| = ni, dom(fir) ∩ dom(fis) = ∅ ∀r, s ∈ Imi , r 6= s}
of block mappings is
( k∑
j=1
mjn
ni
j
)mi
by the multiplication principle. Since i ∈ Ik
is arbitrarily choosen and k is the number of blocks of different sizes, the total
number of possible m-families of block mappings is now follows by applying the
multiplication principle. This completes the proof. 
References
[1] J. Arau´jo, W. Bentz, J. D. Mitchell, and C. Schneider. The rank of the semigroup of trans-
formations stabilising a partition of a finite set. Mathematical Proceedings of the Cambridge
Philosophical Society, 159(2):339–353, 2015.
[2] J. Arau´jo and C. Schneider. The rank of the endomorphism monoid of a uniform partition.
Semigroup Forum, 78(3): 498–510, 2009.
[3] R. A. Brualdi. Introductory combinatorics, 5th edition. Pearson Prentice Hall, 2010.
[4] J. B. Conway. A course in point set topology. Undergraduate Texts in Mathematics, Springer,
2014.
[5] L. -Z. Deng, J. -W. Zeng, and T. -J. You. Green’s relations and regularity for semigroups
of transformations that preserve reverse direction equivalence. Semigroup Forum, 83(3):489–
498, 2011.
[6] L. -Z. Deng, J. -W Zeng, and T. -J. You. Green’s relations and regularity for semigroups of
transformations that preserve order and a double direction equivalence. Semigroup Forum,
84(1):59–68, 2012.
[7] I. Dolinka and J. East. Idempotent generation in the endomorphism monoid of a uniform
partition. Communications in Algebra, 44(12):5179–5198, 2016.
[8] I. Dolinka, J. East, and J. D. Mitchell. Idempotent rank in the endomorphism monoid of a
non-uniform partition. Bulletin of the Australian Mathematical Society, 93(1):73–91, 2016.
[9] J. A. Gallian. Contemporary abstract algebra, 9th edition. Cengage Learning, Bostan, MA,
2017.
[10] O. Ganyushkin and V. Mazorchuk. Classical finite transformation semigroups, An introduc-
tion, volume 9. Algebra and Applications, Springer, 2009.
[11] J. M. Howie. Fundamentals of semigroup theory. Clarendon Press, Oxford, 1995.
[12] P. Huisheng. Equivalences, α-semigroups and α-congruences. Semigroup Forum, 49(1): 49–
58, 1994.
[13] P. Huisheng. Some α-semigroups inducing certain lattices. Semigroup Forum, 57: 48–59,
1998.
[14] P. Huisheng. On the rank of the semigroup TE(X). Semigroup Forum, 70(1): 107–117, 2005.
[15] P. Huisheng. Regularity and Green’s relations for semigroups of transformations that preserve
an equivalence. Communications in Algebra, 33(1): 109–118, 2005.
[16] P. Huisheng and Z. Dingyu. Green’s equivalences on semigroups of transformations preserving
order and an equivalence relation. Semigroup forum, 71(2): 241–251, 2005.
[17] P. Purisang and J. Rakbud. Regularity of transformation semigroups defined by a partition.
Communications of the Korean Mathematical Society, 31(2): 217–227, 2016.
14 MOSAROF SARKAR AND SHUBH N. SINGH
Department of Mathematics, Central University of South Bihar, Gaya, India
E-mail address: mosarofsarkar@cusb.ac.in
Department of Mathematics, Central University of South Bihar, Gaya, India
E-mail address: shubh@cub.ac.in
